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Abstract
In this paper we consider grid approximations of a boundary value problem on a segment for a singu-
larly perturbed parabolic convection–di'usion equation; classical 2nite di'erence approximations on piecewise
uniform meshes condensing in a neighborhood of the boundary layer are used. It is necessary to 2nd nu-
merical approximations to both the solution and its (2rst-order) derivatives with errors weakly depending
on the perturbation parameter . The approximation errors in solutions and derivatives are examined in the
-metric, which is adequate for capturing singular solutions of problems with boundary layers. In this metric,
the errors of the solution and its derivative (9=9t)u(x; t) are determined by the absolute errors, and the error
in the derivative (9=9x)u(x; t) is determined by the relative error (with respect to a majorant function for this
derivative) in the boundary layer and by the absolute error outside it. In the class of meshes whose mesh size
in the boundary layer does not decrease away from the boundary, it is shown that there are no meshes on
which the scheme converges -uniformly in the -metric. We establish conditions imposed on the parameters
of piecewise uniform meshes under which the schemes converge in the -metric almost -uniformly, that is,
at a rate of O(−N−1 + N−10 ), where ¿ 0 may be arbitrarily small; N and N0 de2ne the numbers of mesh
points in x and t, respectively.
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1. Introduction
Solutions of partial di'erential equations with a small parameter multiplying the highest-order
derivatives are characterized by limited smoothness. This leads to diCculties in their numerical
solution [1,2,5] and necessitates the development of special grid methods whose accuracy depends
weakly on the perturbation parameter , in particular, the development of -uniformly convergent
methods. DiCculties also arise when it is required to 2nd not only a solution but also its partial
derivatives, for example, in the calculation of di'usion Guxes. Thus, an important task is the con-
struction of numerical methods that allows us to approximate both the solution of the problem and
its derivatives with errors weakly depending on or independent of the parameter .
For various boundary value and initial boundary value problems, -uniformly convergent di'erence
schemes have been constructed (approaches to the construction of such schemes can be found,
e.g., in [7,8,10]). In some studies, the approximation of derivatives was also analyzed for such
-uniformly convergent numerical methods (e.g., see [3,11,12]). However, special methods designed
for approximating both solutions and their derivatives and having errors weakly depending on the
perturbation parameter  were virtually not considered.
In the present paper, grid approximations to an initial boundary value problem for a singularly per-
turbed parabolic convection–di'usion equation on a segment are analyzed; we use classical approxi-
mations of the equation on piecewise uniform meshes condensing in a neighborhood of the boundary
layer. In the problem under consideration, the derivative (9=9x)u(x; t) of the solution grows unbound-
edly (in the neighborhood of the boundary layer) as  → 0, while the scaled derivative (9=9x)u(x; t)
is -uniformly bounded. Outside the boundary layer, however, the scaled derivative tends to zero
as  → 0, which makes it uninformative; so this derivative is inadequate (see the discussions in
Section 2.2).
In this paper we consider the approximation errors for solutions and derivatives in the -metric: the
errors of the solution and of the derivative (9=9t)u(x; t) are determined by the absolute errors, while
the error of the derivative (9=9x)u(x; t) (in the case of the -metric) is determined by the relative error
(with respect to a majorant function for this derivative) in the boundary layer, where the derivative
is large, and is determined by the absolute error on the rest of the domain. The convergence of
a classical scheme (scheme on uniform meshes) and also of an -uniformly convergent (in the
maximum norm) scheme from [10] (scheme on piecewise uniform meshes introduced in [10]) is
analyzed in the -metric. We establish conditions imposed on the parameters of piecewise uniform
meshes under which the scheme converges almost -uniformly in the -metric, precisely, at a rate of
O(−N−1 +N−10 ), where ¿ 0 may be chosen arbitrarily small; N and N0 are the numbers of mesh
intervals in x and t (see a strong de2nition of almost -uniform convergence in Section 2.4). Note
that, for the scheme from [10],  can take values arbitrarily close to 1 (see Remark 2 in Section 6).
Let us mention [13,14] where, in the case of boundary value problems for elliptic equations,
the convergence of di'erence schemes is analyzed in the ∗-metric, which is close to the -metric
introduced in this paper (see the discussion in Section 2.3). In the case of parabolic equations,
the convergence of di'erence schemes in the -metric or ∗-metric, which adequately reproduce
derivatives, was not considered previously.
About the contents of the paper. The statement of the problem and the goal of research are
described in Section 2. Di'erence schemes for this problem are considered in Sections 5 and 6;
schemes for a model one-dimensional problem are presented in Sections 3 and 4. The convergence
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of classical schemes in the -metric is analyzed in Sections 3 and 5, and the convergence of schemes
on piecewise uniform meshes (ensuring the -uniform convergence of solutions in C) is examined
in Sections 4 and 6. A priori estimates used in the constructions are given in Appendix A.
2. Problem formulation. The goal of research
2.1. On the set
KG; where G = D × (0; T ]; D = (0; d); KG = G ∪ S; (2.1)
we consider the boundary value problem for the singularly perturbed parabolic equation of
convection–di'usion type
Lu(x; t) = f(x; t); (x; t)∈G; (2.2a)
u(x; t) = ’(x; t); (x; t)∈ S: (2.2b)
Here
L= L(2) + L(1); L(2) ≡ a(x; t) 9
2
9x2 ;
L(1) ≡ b(x; t) 99x − c(x; t)− p(x; t)
9
9t ;
a; b; c; p; f and ’ are suCciently smooth functions respectively on KG and KSj; j=0; 1; 2, ’∈C(S),
satisfying the condition 1
a06 a(x; t)6 a0; b06 b(x; t)6 b0; 06 c(x; t)6 c0; p06p(x; t)6p0;
|f(x; t)|6M; (x; t)∈ KG; |’(x; t)|6M; (x; t)∈ S; a0; b0; p0 ¿ 0; (2.3)
Sj; j=0; 1; 2 are the sides of the domain G, S = S0 ∪ SL, SL = S1 ∪ S2, S0 = KS0 is the lower base, S1
and S2 are the left and right parts of the lateral boundary SL; the parameter  takes arbitrary values
in the half-open interval (0; 1].
For simplicity, we assume that the compatibility conditions [6] are satis2ed at the corner points
Sc = S0 ∩ KSL so that the solution of the problem is suCciently smooth, as required by constructions,
for every 2xed value of the parameter .
As the parameter  tends to zero, a boundary (exponential) layer appears in a neighbourhood of
the set S1.
To solve the initial boundary value problem, we use classical 2nite di'erence schemes on rect-
angular meshes [9]; preferable are monotone approximations of the problem on suCciently simple
meshes.
1 Here and below we denote by M; Mi (by m) suCciently large (small) positive constants independent of the parameter
 or the parameters of di'erence schemes. The notation L( j:k) (m( j:k); Dh( j:k)) means that this operator (constant, mesh) is
2rst introduced in the formula (j:k).
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2.2. We are interested not only in approximations to solutions but also in approximations to partial
derivatives of those solutions to the same extent.
Note that the solution of problem (2.2), (2.1) and its derivatives with respect to t are -uniformly
bounded. However, the x-derivatives increase unboundedly as  → 0, remaining -uniformly bounded
outside the boundary layer region, which gives rise to diCculties in the construction of suCciently
representative and accurate approximations to these derivatives.
To estimate the derivatives (9k =9xk)u(x; t) we could use scaled derivatives, i.e., the products
k(9k =9xk)u(x; t) ≡ (9k =9xk)∗u(x; t), which are -uniformly bounded on KG. For example, in the ap-
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Here ‖ ·‖=‖ ·‖C0 is the norm in C0. However, the norm ‖ ·‖C1 is not -uniformly bounded, which is
inconvenient for the design and analysis of special (convergent in C1) numerical methods. Moreover,
the norms ‖ · ‖C1 and ‖ · ‖∗C1 are not adequate, because the behavior of the derivative (9=9x)u(x; t)
outside the boundary layer is lost in these norms. When  is small, the derivative with respect to x
even for x¿ 0 has no e'ect on the size of ‖ · ‖C1 and ‖ · ‖∗C1 : the derivative becomes “invisible” for
x¿ 0.
2.3. When the maximum norm is used for approximating the solution and its derivatives, it seems
reasonable that the problem solution and its t-derivatives are approximated in this norm over the
entire domain KG, and the x-derivatives are approximated in this norm only outside the boundary layer,
i.e., on that part of KG where the derivatives are 2nite. In the neighborhood of the boundary layer
where the derivatives in x, generally speaking, grow without bound as  → 0, their approximations
are determined (in the maximum norm) by the relative error with respect to accurate majorant
functions for these derivatives of the solution.
Suppose that the solution u(x; t), (x; t)∈ KG, and its 2rst-order derivatives (9=9x)u(x; t), (9=9t)u(x; t)
have to be approximated. It is convenient to introduce the distance between the solution u(x; t),
(x; t)∈ KG, of problem (2.2), (2.1) and a suCciently smooth function v(x; t), (x; t)∈ KG in the following
way. For a function v(x; t), v∈C1( KG), we de2ne the seminorm
(1)u (v) =
∣∣∣∣∣∣∣∣−11 99x (u− v)
∣∣∣∣∣∣∣∣ ; (2.5a)
where 1(x; t) = 1(A:9)(x; t) = −1 exp(−a−1(x1; t)b(x1; t)−1x) + 1, (x1; t)∈ KS1; the function 1(x; t)
up to a constant multiplier is an unimprovable barrier for the derivative (9=9x)u(x; t) (see estimate
(A.9) in Appendix A). The distance u(v) between the functions u(x; t) and v(x; t), (x; t)∈ KG, and
their derivatives is de2ned by
u(v) ≡ ‖u− v‖+ (1)u (v) +
∣∣∣∣∣∣∣∣ 99t (u− v)
∣∣∣∣∣∣∣∣ : (2.5b)
We introduce the distance between the solution u(x; t), (x; t)∈ KG, and a discrete function z(x; t),
(x; t)∈ KGh, de2ned on a rectangular mesh KGh on KG. For this, we construct some interpolants on
KG from the values of the function z(x; t), (x; t)∈ KGh and of its di'erence derivatives and put these
G.I. Shishkin / Journal of Computational and Applied Mathematics 166 (2004) 247–266 251
interpolants in correspondence to the function u(x; t), (x; t)∈ KG, and its derivatives of the 2rst order.
We will use these interpolants to estimate the approximation errors.
The interpolants approximating the grid function z(x; t) and its di'erence derivatives can be con-
structed in the following way. Let !xz(x; t) and !tz(x; t) be the 2rst (upwinded) di'erence deriva-
tives, for example, !xz(x; t) = (xi+1 − xi)[z(xi+1; t)− z(xi; t)]; x = xi, xi+1; xi ∈ K!1, (x; t)∈ KGh, where
KGh = K!1 × K!0, K!1 and K!0 are meshes on the segments KD and [0; T ]. We introduce the mesh K!∗1
whose nodes are de2ned by the relation x∗i+1=2 =2−1(xi + xi+1), xi; xi+1 ∈ K!1; we set KG10h = K!∗1 × K!0.
We denote the minimal rectangle containing KG10h by KG
10. On the mesh KG10h , we de2ne the function
z10(x∗i+1=2; t) = !xz(xi; t). Let Kz(x; t), (x; t)∈ KG and Kz10(x; t), (x; t)∈ KG10 denote the interpolants (bi-
linear in x; t) constructed from z(x; t) and z10(x; t). We extend the function Kz10(x; t) onto KG \ KG10
(by bilinear interpolants from the adjoining rectangular elements). Similarly, from the values of the
derivative !tz(x; t), we construct its interpolant Kz 01(x; t), (x; t)∈ KG.
Let us introduce a “function” (say, the modi2ed function)
z˜(x; t); (x; t)∈ KG; (2.6)
and its 2rst order “derivatives”. The function z˜(x; t) is Kz(x; t); its derivatives (9=9x)z˜(x; t) and
(9=9t)z˜(x; t) are the functions Kz10(x; t) and Kz 01(x; t), (x; t)∈ KG, respectively.
Note that, in the case of suCciently smooth v(x; t), (x; t)∈ KG, the function z˜(x; t), (x; t)∈ KG and
its “partial” 2rst-order derivatives, where z(x; t)= v(x; t), (x; t)∈ KGh, approximate the function v(x; t)
and its derivatives in the maximum norm.
The distance between the functions u(x; t) and z(x; t) is de2ned as
hu(z) ≡ ‖u− z˜‖+ (1)hu (z) +




∣∣∣∣∣∣∣∣−11 99x (u− z˜)
∣∣∣∣∣∣∣∣ ;
‖u− z˜‖= ‖u− Kz‖;
∣∣∣∣∣∣∣∣ 99t (u− z˜)
∣∣∣∣∣∣∣∣= ∣∣∣∣∣∣∣∣ 99t u− Kz 01
∣∣∣∣∣∣∣∣ ; 99x z˜(x; t) = Kz10(x; t);
(x; t)∈ KG; 1=1(2:5)(x; t). For the functions z˜(x; t), (x; t)∈ KG and u(x; t), (x; t)∈ KG, besides the above
introduced -metric, we consider also the “usual” distance de2ned by
‖u− z˜‖C1e =
∣∣∣∣∣∣∣∣ 99x (u− z˜)
∣∣∣∣∣∣∣∣+ 1∑
k0=0
∣∣∣∣∣∣∣∣ 9k09tk0 (u− z˜)
∣∣∣∣∣∣∣∣ ; (2.8)
where the subscript in C1e indicates that the extended “function” z˜(2:6)(x; t) is not a function in the
usual sense. In general, hu(z)6M‖u− z˜‖C1e .
In the case of problem (2.2), (2.1), the function 1(x; t) corresponding to the ∗-metric introduced
in [13,14] is the derivative |(9=9x)u(x; t)| considered in a neighbourhood of the boundary layer. Such
a ∗-metric, being suCciently cumbersome, have no advantages over the -metric introduced in the
present paper.
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2.4. For classical di'erence approximations of problem (2.2), (2.1), discrete solutions on uniform
meshes converge in the metric hu(·) only under the condition
N−1 ln−1(−1 + 1); (2.9)
where N+1 is the number of mesh points on [0; d] (see, for example, the conclusions of Lemma 3.2,
Theorem 5.2 in Sections 3 and 5). The use of piecewise uniform meshes from [4,7,10], on which
the discrete solutions converge -uniformly in the norm ‖ · ‖, makes it possible to weaken somewhat
condition (2.9) in the case of the metric hu(·) (see, e.g., Remark 2 to Theorem 6.2 in Section 6).
Motivated by the behavior of discrete solutions noted above, interest arises in the construction of
schemes that are convergent in the metric hu(·) under a condition signi2cantly weaker than (2.9).
Denition. We say that a discrete solution z(x; t), (x; t)∈ KGh (as N; N0 →∞, where N and N0 de2ne
the numbers of mesh points in KGh in x and t) converges in the metric hu(·) almost -uniformly with
a defect of convergence O(−) if, for any arbitrarily small ¿ 0, there exists a function $(%) such
that the discrete solution satis2es the estimate
hu(z)6M$(
−N˜−1); (2.10)
where N˜ =min[N; N0], $(%)→ 0 as % → 0 uniformly in the parameter ; here  de2nes the order of
the convergence defect of the discrete solution in the metric hu(·). In the case of estimate (2.10), we
shall say that the convergence defect of the scheme is O(−). When  = 0, the scheme converges
-uniformly.
According to the results of Section 5, there is no mesh from a natural class of meshes on which
the classical 2nite di'erence scheme converges -uniformly in the metric hu(·) (see Theorem 5.3).
Our goal is to construct meshes on which classical di'erence approximations of problem (2.2),
(2.1) converge in the metric hu(·) almost -uniformly.
3. Classical nite dierence scheme. Model problem
3.1. It is convenient to perform some methodical constructions with a model example of a singularly
perturbed ordinary di'erential equation. On a segment KD of the x-axis, where
KD = D ∪ &; D = (0; d); (3.1)










u(x) = f(x); x∈D;
u(x) = ’(x); x∈&: (3.2)
Here f(x), x∈ KD is a suCciently smooth function, and also a; b¿ 0.
Problem (3.2), (3.1) is approximated by a classical di'erence scheme. On KD, we introduce the
mesh
KDh = K!; (3.3)
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with an arbitrary nodal distribution satisfying the condition h6MN−1; h = maxi hi, hi = xi+1 − xi,
xi; xi+1 ∈ K!, N + 1 is the number of mesh points in K!. We associate problem (3.2), (3.1) with the
di'erence scheme
'z(x) ≡ {a ! Kxxˆ + b!x}z(x) = f(x); x∈Dh; z(x) = ’(x); x∈&h: (3.4)
In the case of the di'erence scheme (3.4) on a uniform mesh
KDh; (3.5)
for the “function” z˜(x), x∈ KD, de2ned similarly to z˜(2:6)(x; t), we have the estimates
‖u− z˜‖Cke ;
∣∣∣∣∣∣∣∣ dkdxk (u− z˜)
∣∣∣∣∣∣∣∣6M−k(+ N−1)−1N−1; k = 0; 1: (3.6)
Estimate (3.6) was derived taking into account the explicit expressions for the singular components
and the leading terms of the asymptotics (with respect to ) of the regular components of solutions
for problems (3.2), (3.1) and (3.4), (3.5).
Denition. Let z(x), x∈ KDh be a solution of the di'erence scheme. We say that the estimate
|u(x)− z(x)|6 $0(N−1; ); x∈ KDh;
where $0 → 0 for N →∞ and 2xed values of the parameter  (this convergence to zero is generally
not -uniform), is unimprovable with respect to N and  if the estimate
|u(x)− z(x)|6 $1(N−1; ); x∈ KDh
is, in general, invalid provided that $1(N−1; ) = o($0(N−1; )) for some values of , ∈ (0; 1].
The considerations of model problems with relatively simple data have shown that estimate (3.6)
is unimprovable with respect to N and . Thus, the function z˜(x) converges in the norm ‖·‖Cke under
the unimprovable condition
N−1 = o(1+k); k = 0; 1: (3.7)
Lemma 3.1. For the di7erence scheme (3.4), (3.5), condition (3.7) is necessary and su8cient for
z˜(x), x∈ KD, to converge in the norm ‖ · ‖Cke , k = 0; 1. The function z˜(x), x∈ KD satis:es estimate
(3.6), which is unimprovable with respect to N and ; the convergence defect of the scheme in the
norm ‖ · ‖Cke is O(−k−1).
3.2. Let us estimate the proximity of the functions u(x), x∈ KD and z(x), x∈ KDh in the metric hu(·).
The distance between u(x) and z(x), x∈ KDh(3:3) is de2ned by
hu(z) ≡ ‖u− z˜‖+ (1)hu (z); (3.8)
where (1)hu (z) =
∣∣∣∣∣∣∣∣−11 ddx (u− z˜)
∣∣∣∣∣∣∣∣ ; 1(x) = −1 exp(−a−1b−1x) + 1.
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For further convenience, the solution of problem (3.2), (3.1) can be decomposed into the sum of
functions, that is, into its regular and singular components:
u(x) = U (x) + V (x); x∈ KD; U (x) = U 0(x); x∈ KD; (3.9)
where U 0(x), x∈ KD0 and V (x), x∈ KD are solutions of the problems
LU 0(x) = f0(x); x∈D0; U 0(x) = ’(x); x∈&0;
LV 0(x) = 0; x∈D; V (x) = ’(x)− U (x); x∈&:
Here D0 = (−∞; d), f0(x), x∈ KD0 is a suCciently smooth function such that f0(x) = f(x), x∈ KD,
f(x) vanishes outside an m-neighborhood of the set KD; and the function U 0(x) is bounded on KD0.
The function
uh0(x) = u(x); x∈ KDh; (3.10)




0 (x) + V
h
0 (x); x∈ KDh; Uh0 (x) = U (x); V h0 (x) = V (x); x∈ KDh:
For the component Uh0 (x), x∈ KDh we have the estimate∣∣∣∣∣∣∣∣ ddx (U − U˜ h0)
∣∣∣∣∣∣∣∣6MN−1: (3.11)














M (−1hi)−1 exp(m1−1hi) for hi¿M2;
(3.12a)
∣∣∣∣∣∣∣∣ ddx (V − V˜ h0)
∣∣∣∣∣∣∣∣6M−1(+ hi)−1hi exp(−m1−1xi)
for x∈ KD; r(x; &1)6m; x∈ [xi; xi+1]; (3.12b)∣∣∣∣∣∣∣∣ ddx (V − V˜ h0)
∣∣∣∣∣∣∣∣6MN−1 for x∈ KD; r(x; &1)¿m: (3.12c)
Here r(x; &1) is the distance from a point x to the set &1 (&1 is the left part of the boundary &),
xi; xi+1 ∈ KDh, m1 = a−1b, M26M1. Note that 1(x) ∼ |(d=dx)V (x)| + 1, x∈ KD. Estimates (3.11),
(3.12a), and (3.12b) are unimprovable with respect to N , hi, and .
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The analysis of solutions of the boundary value and di'erence problems in the case of mesh (3.5)
for h=  shows that hu(z) grows unboundedly as N →∞.
Taking into account estimates (3.11), (3.12), we establish that the condition
N−1 = O( ln−1(−1 + 1)) (3.13)
is a necessary and suCcient condition for the solutions of scheme (3.4), (3.5) to be (N; )-uniformly
bounded in the metric hu(·). Under condition (3.13), we obtain the estimate
hu(z)6MN
−1−1 ln(−1 + 1); (3.14)
this estimate is unimprovable with respect to N and . Thus, the defect of convergence of scheme
(3.4), (3.5) in the metric hu(·) is O(−1 ln(−1 + 1)).
Lemma 3.2. Condition (3.13) is necessary and su8cient for the solutions of the di7erence scheme
(3.4), (3.5) to be bounded in the metric hu(·). The discrete solutions, under condition (3.13), satisfy
estimate (3.14), which is unimprovable with respect to N and . The convergence defect of the
scheme is O(−1 ln(−1 + 1)).
3.3. It seems interesting to 2nd out whether or not there exist meshes on which the function
uh0(x); x∈ KDh and also the solution to the di'erence scheme (3.4) converge -uniformly in the
metric hu(·).
Consider the function uh0(x), x∈ KDh on the set
KD+h = KDh ∩ [0; +]; (3.15)
for + = min[4−1d;  ()], where KDh is a fairly arbitrary mesh (3.3),  () =  ln−1, and  is an






[−1hi]→ 0 for N →∞; hi = xi+1 − xi; xi; xi+1 ∈ KD+h;
is a necessary and suCcient condition for the -uniform convergence of uh0(x), x∈ KDh in the met-
ric hu(·). However, this condition is impossible of achievement. Thus, we have the following
non-existence result.
Lemma 3.3. In the class of meshes (3.3), there do not exist meshes on which the function uh0(x),
x∈ KDh converges -uniformly in the metric hu(·).
Consider scheme (3.4) on meshes (3.3), assuming that the following condition is satis2ed on the
mesh KD+h(3:15):
hi¿ hi−1; (3.16)
i.e., the mesh size does not decrease away from the boundary &1; + = +(3:15). On such a mesh, we
can 2nd a mesh point xi∗ ∈ KDh such that −1hi∗1 for a suitable chosen (suCciently small)  and
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a 2xed N . Assuming that hu(z) approaches zero -uniformly, we 2nd that the derivative ! Kxz(x
i∗)
satis2es the relation∣∣∣∣! Kxz(xi∗)− ddx V (xi∗)
∣∣∣∣= o(−1 exp(−m−1xi∗)) for  → 0; m= m1(3:12):








) ∣∣∣∣∣1 for  → 0;
where V (x), x∈ KD is the singular component of the solution of problem (3.2), (3.1). This last relation
contradicts the assumption that the solution of scheme (3.4) on mesh (3.3), under condition (3.16),
converges -uniformly in the metric hu(·).
Lemma 3.4. In the class of meshes (3.3) satisfying condition (3.16), there do not exist meshes on
which scheme (3.4) converges -uniformly in the metric hu(·).
Remark 1. The conclusion of Lemma 3.4remains valid if the interval [0; +], with +=min[m;m0 ln −1],
m0 = m1(3:12), contains a subinterval of length l(), where l() → 0, −1l() → ∞ as  → 0, on
which condition (3.16) is true.
4. Special scheme on piecewise uniform meshes. Model problem (3.2), (3.1)
4.1. In this section we present an -uniformly convergent, in the norm ‖:‖, scheme on piecewise
uniform meshes for the boundary value problem (3.2), (3.1) and discuss the approximation of
derivatives.








Here K!∗0 is a mesh with a piecewise constant stepsize. When constructing K!∗0 , we divide [0; d] into
two subintervals [0; +] and [+; d], on each of which the mesh stepsize is constant and equal to
h(1) = 2+N−1 and h(2) = 2(d− +)N−1, respectively. We set
+ = +(; N; d; l; m) = min[2−1d; lm−1 lnN ]; (4.1b)
where m = a−1b, l¿ 0 is a mesh parameter. The mesh KD∗h has been constructed. We introduce an
auxiliary parameter . used in our constructions as
.= .(;m) = m−1 ln(−1 + 1); m= m(4:1): (4.2)
We obtain the following unimprovable estimates for the solutions of the di'erence scheme (3.4),
(4.1):
‖u− z˜‖Cke ;
∣∣∣∣∣∣∣∣ dkdxk (u− z˜)
∣∣∣∣∣∣∣∣6M−k{N−1min[lnN; −1]
+N−l−1(+ N−1)−1} ≡ M−k$0(N; ; l); k = 0; 1; (4.3a)
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‖u− z˜‖6M (N−1 lnN + N−l); M =M (l): (4.3b)
The best -uniform convergence rate is
‖u− z˜‖6MN−1 lnN; (4.4)
which is gained under the condition
l¿ 1; (4.5)




where l is any number satisfying l¿ 1.
The condition
N−1 = o(2=(l+1)) for l¡ 1;
N−1 = o( ln−1(−1 + 1)) for l¿ 1;
(4.7)
is necessary and suCcient for the convergence of the derivatives (d=dx)z˜, x∈ KD.
The defect of convergence of the scheme in the norm ‖ · ‖C1e is
O(−2=(l+1)) for l¡ 1 and O(−1 ln(−1 + 1)) for l¿ 1;
and is no better than O(−1 ln(−1 + 1)) for l¿ 0.
Lemma 4.1. The solution of the di7erence scheme (3.4), (4.1) converges -uniformly in the norm
‖ · ‖; condition (4.7) is necessary and su8cient for convergence in the norm ‖ · ‖C1e . The discrete
solutions satisfy estimates (4.3) and, under condition (4.5), estimate (4.4). Estimates (4.3a) and
(4.3b) are unimprovable with respect to N , ; the convergence defect of the scheme in the norm
‖ · ‖C1e is no better than O(−1 ln(−1 + 1)).
4.2. Let us discuss the convergence of scheme (3.4), (4.1) in the metric hu(·).
Taking into account estimate (3.12), we verify that the solution of the grid problem (3.4), (4.1)
is not (N; )-uniformly bounded in the metric hu(·). Taking in mind estimates (3.11) and (3.12), and
the explicit form of the singular components of solutions to the di'erential and grid problems, we
establish the condition (−2h(1).6M for −1(.− +)¡M0 and N−1−1(+N−1)−1(.− +)6M for
.− + −M0¿ 0):
N−1 = O(2(.− +)−1) for −1(.− +)¿M0; (4.8a)
+N−1 = O(2.−1) for −1(.− +)¡M0; (4.8b)
where +=+(4:1), .=.(4:2), M0 is an arbitrary constant, which is a necessary and suCcient condition for
the discrete solutions to be bounded in the metric hu(·). In condition (4.8a) we have M06 −1(.−+)
6M ln(−1 + 1).
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In the case of condition (4.8a), we obtain the estimate
hu(z)6M{N−1(min[lnN; −1])2 + N−1(+ N−1)−1−1(.− +)}; (4.9)
under condition (4.8b) we have
hu(z)6M{−1.N−1min[lnN; −1]
+N−1(+ N−1)−1 exp(−−1(+ − .))}: (4.10)
Estimates (4.9) and (4.10) are unimprovable.
Note that, when −1(.−+)¿M0 (see condition (4.8a) and estimate (4.9)), we have the inequality
−1(.− +)6M ln(−1 + 1).
It follows from estimates (4.9) and (4.10) that the convergence condition for scheme (3.4), (4.1)
in the metric hu(·) depends on l. The scheme converges if
N−1 = o(2(.− +)−1); l¡ 1;
N−1 = o(1=l); l¿ 1; (4.11)
this condition is unimprovable. In condition (4.11) for l¡ 1, we have the estimate
m ln−1(−1 + 1)6 2(.− +)−16M−10 :
Thus, the defect of convergence of scheme (3.4), (4.1) in the metric hu(·) is no worse than
O(−1 ln(−1+1)) for l¡ 1; for l¿ 1 the defect is O(−1=l). The convergence defect O(−1 ln(−1+
1)) is reached, for example, when .¿ (1 + m)+.
Under the condition
l¿ −1; (4.12)
where = (2:10) and 6 1, the convergence defect of scheme (3.4), (4.1) in hu(·) is no worse than
O(−), i.e., the scheme converges almost -uniformly in the metric hu(·); the convergence defect is
unimprovable with respect to . When
l¿ 1 and N−1 = O(1=l); (4.13)
we have the unimprovable estimate
hu(z)6M{N−1min[lnN; −1] ln(−1 + 1) + N−l−1}: (4.14)
Lemma 4.2. Condition (4.8) (condition (4.11)) is necessary and su8cient for solutions of the
di7erence scheme (3.4), (4.1) to be (N; )-uniformly bounded (for the scheme to be convergent)
in the metric hu(·). Under condition (4.12), the scheme converges almost -uniformly in hu(·); the
convergence defect for l¿ 1 is O(−1=l). The discrete solutions satisfy estimates (4.9), (4.10), and
(4.14) under conditions (4.8a), (4.8b), and (4.13), respectively. The estimates are unimprovable
with respect to N and .
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5. Classical nite dierence scheme. Problem (2.2), (2.1)
5.1. In this section we give a classical di'erence scheme for problem (2.2), (2.1) and discuss some
issues arising in its numerical solution. On the set KG, we introduce the rectangular mesh
KGh = K!1 × K!0; (5.1)
where K!1 and K!0 are meshes on the sets KD and [0; T ], respectively; K!0 is a uniform mesh with
stepsize ht = TN−10 ; K!1 is a mesh with an arbitrary nodal distribution satisfying only the condition
h6MN−1, h=maxi hi, hi= xi+1− xi, xi; xi+1 ∈ K!1. Here N +1 and N0 +1 are the numbers of nodes
in the meshes K!1 and K!0.
To solve the problem, we use the monotone scheme with upwind di'erence derivatives [9]
'z(x; t)≡{a(x; t)! Kxxˆ + b(x; t)!x − c(x; t)− p(x; t)! Kt}z(x; t)
=f(x; t); (x; t)∈Gh; z(x; t) = ’(x; t); (x; t)∈ Sh; (5.2)
where Gh = G ∩ KGh, Sh = S ∩ KGh, ! Kx xˆz(x; t) and !xz(x; t), ! Ktz(x; t) are the second and 2rst (forward
and backward) di'erence derivatives, ! Kxxˆz(x; t) = 2(hi + hi−1)−1[!x − ! Kx]z(x; t), (x; t) = (xi; t)∈Gh.
In the case of a uniform mesh
KGh (5.3)
with the stepsize h = dN−1 in the x-direction, we have the following estimates for the function
z˜(2:6)(x; t), (x; t)∈ KG:
‖u− z˜‖C1e ;
∣∣∣∣∣∣∣∣ 99x (u− z˜)
∣∣∣∣∣∣∣∣6M−1[(+ N−1)−1N−1 + N−10 ];
‖u− z˜‖;
∣∣∣∣∣∣∣∣ 99t (u− z˜)
∣∣∣∣∣∣∣∣6M [(+ N−1)−1N−1 + N−10 ]: (5.4a)
These estimates were derived by using the explicit forms of the main terms in the asymptotics with
respect to  for the regular and singular components of the solutions to problems (2.2), (2.1) and
(5.2), (5.3). Estimates (5.4a) are unimprovable with respect to N; N0, and  under the condition
N−1 = O(): (5.4b)
Thus, the function z˜(x; t) converges in the norm ‖·‖Cke under the following unimprovable condition
N−1 = o(1+k); N−10 = o(
k); k = 0; 1: (5.5)
Theorem 5.1. Let estimates (A.7) for K1=4 and K0=3 be satis:ed by the components of solutions
to the boundary value problem (2.2), (2.1). Then, in the case of the :nite di7erence scheme (5.2),
(5.3), condition (5.5) is necessary and su8cient for the convergence of the function z˜(x; t), (x; t)∈ KG
in the norm ‖ · ‖Cke , k =0; 1. The discrete solutions satisfy estimates (5.4), which are unimprovable
with respect to the values of N; N0, and .
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5.2. Let us study the convergence of scheme (5.2), (5.3) in the metric hu(·).
The solutions of scheme (5.2), (5.3) are not bounded (N; )-uniformly in the metric hu(·). The
condition
N−1 = O( ln−1(−1 + 1)); (5.6)
is necessary and suCcient for the solutions to be bounded in hu(·). Under this condition, we obtain
the estimate that is unimprovable with respect to N; N0, and :
hu(z)6M [N
−1−1 ln(−1 + 1) + N−10 ]: (5.7)
The condition
N−1 = o( ln−1(−1 + 1)); (5.8)
is necessary and suCcient for the convergence of scheme (5.2), (5.3) in the metric hu(·). The
convergence defect of this scheme is O(−1 ln(−1 + 1)).
Theorem 5.2. Let the hypothesis of Theorem 5.1 be ful:lled. Then condition (5.6) (condition (5.8)
is necessary and su8cient for the (N; )-uniform boundedness (for the convergence) of the solutions
of the :nite di7erence scheme (5.2), (5.3) in the metric hu(·); the scheme converges with the
convergence defect O(−1 ln(−1+1)). Under condition (5.6), the solutions of the di7erence scheme
satisfy estimate (5.7), which is unimprovable with respect to N; N0, and .
5.3. As in the case of the boundary value problem (3.2), (3.1) and the di'erence scheme (3.4),
(3.3), we establish the following result.
Theorem 5.3. In the class of meshes (5.1) satisfying condition (3.16) on the segment [0; d], there
are no meshes on which scheme (5.2) converges -uniformly in the metric hu(·).
6. Special scheme on piecewise-uniform meshes. Problem (2.2), (2.1)
6.1. For the boundary value problem (2.2), (2.1), we consider approximations of its solutions and
derivatives in the case of the 2nite di'erence scheme (5.2) on piecewise uniform meshes. On the







1 × K!0: (6.1a)
Here K!0 is a uniform mesh and K!∗1 is a piecewise-uniform mesh. To construct the mesh K!∗1 , we
divide the segment [0; d] into two parts [0; +] and [+; d]; the mesh stepsize on each subinterval is
constant and equal to h(1) = 2+N−1 and h(2) = 2(d− +)N−1, respectively. Assume
+ = +(; N; d; l; m) = min[2−1d; l m−1 lnN ]; (6.1b)
where m= m(A:7), l¿ 0 is a mesh parameter. An auxiliary parameter . is de2ned as
.= .(;m) = m−1 ln(−1 + 1); m= m(6:1b): (6.1c)
G.I. Shishkin / Journal of Computational and Applied Mathematics 166 (2004) 247–266 261
For the solutions of the di'erence scheme (5.2), (6.1) (taking into account the explicit form of
the singular components in representation (A.2)) we 2nd the estimates
‖u− z˜‖6M [N−1min[lnN; −1] + N−l−1(+ N−1)−1 + N−10 ]
≡ M$1(N; N0; ; l); (6.2a)
‖u− z˜‖6M [N−1 lnN + N−l + N−10 ]: (6.2b)
Under the condition
l¿ 1; (6.3a)
we achieve the best -uniform order of convergence
‖u− z˜‖6M [N−1 lnN + N−10 ]: (6.3b)
When estimating the derivatives, for simplicity, we suppose that the following condition holds:
a(x; t) = a(x); b(x; t) = b(x); (x; t)∈ KG; (6.4)
under which we obtain suCciently simple discrete problems for di'erence derivatives of the function
z(x; t), (x; t)∈ KGh.
The solution of the scheme and its derivatives satisfy the estimates
‖u− z˜‖C1e ;
∣∣∣∣∣∣∣∣ 99x (u− z˜)
∣∣∣∣∣∣∣∣6M−1$1(N; N0; ; l); (6.5a)∣∣∣∣∣∣∣∣ 99t (u− z˜)
∣∣∣∣∣∣∣∣6M$1(N; N0; ; l): (6.5b)
The errors in the solutions of the di'erence scheme (5.2), (6.1) are bounded in the norm ‖ · ‖C1e
under the condition
N−1 = O(2=(l+1)); N−10 = O() for l¡ 1;
N−1 = O( ln−1(−1 + 1)); N−10 = O() for l¿ 1: (6.6)
The scheme converges in the norm ‖ · ‖C1e under the condition
N−1 = o(2=(l+1)); N−10 = o() for l¡ 1;
N−1 = o( ln−1(−1 + 1)); N−10 = o() for l¿ 1: (6.7)
The convergence defect of the scheme in the norm ‖ · ‖C1e is
O(−2=(l+1)) for l¡ 1 and O(−1 ln(−1 + 1)) for l¿ 1;
and is no better than O(−1 ln(−1 + 1)) for l¿ 0. Under the condition
l¿ 1; (6.8a)
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we have the estimate
‖u− z˜‖C1e 6M−1[N−1 min[lnN; −1] + N−10 ]; (6.8b)
i.e., the scheme converges with the 2rst order of accuracy for 2xed values of the parameter .
Estimates (6.2), (6.3b), (6.5), and (6.8), the convergence conditions (6.6) and (6.7), and also the
convergence defect O(−1 ln(−1 + 1)) are unimprovable in the case of condition (6.3a).
Theorem 6.1. Let the hypothesis of Theorem 5.1, and also condition (6.4) be satis:ed. Then the
di7erence scheme (5.2), (6.1) converges -uniformly in the norm ‖ · ‖. Condition (6.6) (condition
(6.7)) is su8cient for the error to be bounded (for the scheme to be convergent) in the norm
‖ · ‖C1e ; the convergence defect is no better than O(−1 ln(−1 + 1)). The discrete solutions satisfy
estimates (6.2), (6.3b), (6.5), (6.8), which are unimprovable under condition (6.3a).
Remark 1. SuCcient conditions (6.6) for the boundedness of the error and convergence conditions
(6.7), by virtue of relations (4.7), are close to necessary ones.
6.2. We now adduce estimates of convergence for scheme (5.2), (6.1) in the case of the metric
hu(·). The solution of problem (5.2), (6.1) is not bounded (N; )-uniformly in the metric hu(·).
We suppose that condition (6.4) holds. Taking into account the explicit forms for the singular
components of solutions to the di'erential and discrete problems, we establish that the condition
N−1 = O(2(.− +)−1) for −1(.− +)¿M0; (6.9a)
+N−1 = O(2.−1) for −1(.− +)¡M0; (6.9b)
where + = +(6:1), .= .(6:1), and M0 is an arbitrary constant, is a suCcient condition for hu(z) to be
bounded.
Under condition (6.9a), we obtain the estimate
hu(z)6M [N
−1(min[lnN; −1])2
+N−1(+ N−1)−1−1(.− +) + N−10 ]: (6.10)
Under condition (6.9b), we have the estimate
hu(z)6M{−1.N−1 min[lnN; −1]
+N−1(+ N−1)−1 exp(−−1(+ − .)) + N−10 }: (6.11)
Note that, when −1(. − +)¿M0 (see condition (6.9a) and estimate (6.10)), the relation −1(. −
+)6M ln(−1 + 1) holds.
It follows from these estimates that the condition
N−1 = o(2(.− +)−1) for l¡ 1; N−1 = o(1=l) for l¿ 1; (6.12)
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is suCcient for the scheme to converge in the metric hu(·). Note that, in condition (6.12) for l¡ 1,
the following estimate occurs:
m ln−1(−1 + 1)6 2(.− +)−16M−10 :
Thus, the convergence defect of the scheme in the metric hu(·) is no worse than O(−1ln(−1+1))
for l¡ 1 and is no worse than O(−1=l) for l¿ 1. The defect O(−1 ln(−1 + 1)) is achieved, for
example, under the condition .¿ (1 + m)+.
If the following condition is true:
l¿ −1 (6.13)
where = (2:10) and 6 1, then the scheme converges almost -uniformly in the metric hu(·), and
its defect of convergence is no worse than O(−). Under the condition
l¿ 1; N−1 = O(1=l) (6.14)
the following estimate holds:
hu(z)6M{N−1 min[lnN; −1] ln(−1 + 1) + N−l−1 + N−10 }: (6.15)
Theorem 6.2. Let the hypothesis of Theorem 6.1 be ful:lled. Then condition (6.9) (condition
(6.12)) is su8cient for solutions of the di7erence scheme (5.2), (6.1) to be (N; )-uniformly bounded
(for the scheme to be convergent) in the metric hu(·). Under condition (6.13), the scheme con-
verges almost -uniformly in hu(·); the convergence defect is no worse than O(−1=l) for l¿ 1.
The discrete solutions satisfy estimates (6.10), (6.11), and (6.15) if conditions (6.9a), (6.9b), and
(6.14) hold respectively.
Remark 1. It follows from the results of Section 4 that conditions (6.9), (6.12), and (6.14) are close
to be necessary, and estimates (6.10), (6.11), and (6.15) are close to be unimprovable.
Remark 2. In the case of piecewise uniform meshes from [4,7,10], the mesh parameter l is chosen
to satisfy only the condition l¿ 1. Thus, scheme (5.2) on the meshes from [4,7,10] converges in
the metric hu(·) if the condition N−1 = o() holds, where = l−1 ¡ 1, moreover, the unimprovable
order  may take values arbitrarily close to 1 (thus, the order of the convergence defect is only
insigni2cantly less than 1). When l grows (for l¿ 1), the order of the convergence defect in the
metric hu(·) decreases and becomes arbitrarily small (for large l). For 2xed values of the parameter
, the scheme converges with the 2rst order of accuracy in the metric hu(·).
Appendix A. A priori estimates for solutions of the boundary value problem
Let us adduce a priori estimates of solutions and derivatives for the boundary value problem (2.2),
(2.1); the derivation of the estimates is similar to that in [10].
Using the majorant function technique (see, e.g., [6]), we 2nd the estimate
|u(x; t)|6M; (x; t)∈ KG: (A.1)
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We represent the solution of the problem as the sum of functions
u(x; t) = U (x; t) + V (x; t); (x; t)∈ KG; (A.2a)
where U (x; t) and V (x; t) are the regular and singular components of the solution. The function
U (x; t), (x; t)∈ KG is the restriction, to KG, of the function Ue(x; t), (x; t)∈ KGe, U (x; t) = Ue(x; t),
(x; t)∈ KG. The function Ue(x; t), (x; t)∈ KGe is the solution of the boundary value problem
Le Ue(x; t) = fe(x; t); (x; t)∈Ge; Ue(x; t) = ’e(x; t); (x; t)∈ Se: (A.3)
Here KGe= KGe(T )= KDe× [0; T ] is a semistrip, De=(−∞; d); the set KGe is an extension of KG beyond
the side S1. The data of problem (A.3) are smooth extensions of the data of problem (2.2), (2.1)
that preserve the properties (2.3) on KGe; Le = Le(2) + Le(1). We assume that the functions fe(x; t)
and ’e(x; t), (x; t)∈ KGe are equal to zero outside an m1-neighbourhood of the set KG. The function
V (x; t) is the solution of the problem
L(2:1)V (x; t) = 0; (x; t)∈G; V (x; t) = ’(x; t)− U (x; t); (x; t)∈ S: (A.4)
The regular component U (x; t) is decomposed into the sum of functions
U (x; t) =
n∑
i=0
iUi(x; t) + vU (x; t); (x; t)∈ KG; (A.2b)




iU ei (x; t) + v
e
U (x; t); (x; t)∈ KGe; (A.5a)
U (x; t) = Ue(x; t); : : : ; vU (x; t) = veU (x; t), (x; t)∈ KG, where Ue(x; t), (x; t)∈ KGe is the solution of the
boundary value problem (A.3). In (A.5a) the components Uei (x; t) are solutions of the problems
Le(1)(A:3) U
e
0 (x; t) = f
e(x; t); (x; t)∈ KGe \ {Se0 ∪ Se2};
U e0 (x; t) = ’
e(x; t); (x; t)∈ Se0 ∪ Se2; (A.5b)
Le(1)(A:3) U
e
i (x; t) =−−1Le(2)(A:3) Uei−1(x; t); (x; t)∈ KGe \ {Se0 ∪ Se2};
U ei (x; t) = 0; (x; t)∈ Se0 ∪ Se2 ; i = 1; : : : ; n:
We consider that the data of problem (2.2), (2.1) (in addition to the compatibility conditions
on the set Sc which ensure the smoothness of the solution u(x; t)) satisfy conditions on the set
Sc+ = S0 ∩ KS2 that ensure the suCcient smoothness of the functions Uei (x; t), i= 0; 1; : : : ; n. It is not
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diCcult to write out such conditions, e.g., in that case when the boundary function ’(x; t) together
with its derivatives vanishes on the set Sc.
For simplicity, we suppose the following inclusions to be satis2ed:
u∈Cl1+1+2; l1+2( KG); Ui ∈Cl2−2i+2; l1+1+2( KG); i = 0; 1; : : : ; n; (A.6)
where ls = ls(n), l1 = n, l2 = 3n+ 1, n¿ 1 is an integer, 2¿ 0.
In this case U ∈Cl1+1+2; l1+2( KG) is true; for U (x; t) and V (x; t) one can derive the estimates∣∣∣∣ 9k+k09xk9tk0 U (x; t)
∣∣∣∣6M [1 + n−k];
∣∣∣∣ 9k+k09xk9tk0 V (x; t)
∣∣∣∣6M−k exp(−m−1x); (x; t)∈ KG;
k + k06K1; k06K0; (A.7)
where m is an arbitrary number in the interval (0; m0), m0 = min KG [a
−1(x; t)b(x; t)]; K1 = l1 + 1 and
K0 = l1 if the data of problem (2.2), (2.1) are suCciently smooth. The function u(x; t) also satis2es
the estimate∣∣∣∣ 9k+k09xk9tk0 u(x; t)
∣∣∣∣6M−k−k0 ; (x; t)∈ KG; k + k06K1; k06K0: (A.8)
Theorem 7.1. Let the conditions a; b; c; p; f∈Cl2+2; l1+1+2( KG), ’ˆ∈Cl2+2; l1+1+2( KG), ’(x; t)=’ˆ(x; t),
(x; t)∈ S, ls = ls(A:6)(n), n¿ 1, 2¿ 0, be valid for the data of the boundary value problem (2.2),
(2.1), and let its solution and the components in representation (A.2b) satisfy condition (A.6).
Then the solution of the boundary value problem and its components in representation (A.2)
satisfy estimate (A.1), and also estimates (A.7) and (A.8), where K1 = l1 + 1, K0 = l1.
Remark 1. The function
V(0)(x; t) = (’(x1; t)− U (x1; t))(x; t); (x; t)∈ KG; (x1; t)∈ KS1;
where
(x; t) = exp(−a−1(x1; t)b(x1; t)−1x);
is the main term of the singular component of the solution to problem (2.2), (2.1). The component
V (x; t) satis2es the estimate∣∣∣∣ 9k+k09xk9tk0 V (x; t)
∣∣∣∣6Mk(x; t); (x; t)∈ KG; k + k06K; (A.9)
where k(x; t) = −k(x; t) + 1; the estimate with respect to the order of magnitude is achievable for
(x; t)∈ KG, x6 sk(t), where sk(t) = k ln(−1 + 1)a(x1; t)b−1(x1; t), (x1; t)∈ KS1. For example, if, for
some value of t1 ∈ (0; T ], the following condition holds:
V (x1; t1)¿m1; (x1; t1)∈ S1;
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then the derivatives of the function V (x; t) satisfy the estimate from below∣∣∣∣ 9k+k09xk9tk0 V (x; t1)
∣∣∣∣¿mk(x; t1) for x6 sk(t1):
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